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Introduction 

It is well known that an algebraic curve of genus zero is isomorphic to the 
projective line. The search for an analogous statement in the case of algebraic 
surfaces led Max Noether to conjecture that a smooth regular (i.e., q{S) = 0) 
algebraic surface with vanishing geometric genus {pg{S) = 0) should be a 
rational surface. The first counterexample to this conjecture was provided 
by F. Enriques ( |EnrMS] . I), who introduced the so called Enriques surfaces 
by considering the normalization of sextic surfaces in 3-space double along 
the edges of a tetrahedron. Nowadays a large number of surfaces of general 
type with pg = q = is known, but the first ones were constructed in the 
thirties by L. Campedelli and L. Godeaux (cf. |(yamj . |Godj : in their honour 
minimal surfaces of general type with = 1 are called numerical Godeaux 
surfaces, and those with = 2 are called numerical Campedelli surfaces). 
In the seventies, after rediscoveries of these old examples, many new ones 
were found through the efforts of several authors (cf. |BP Vj . pages 234- 
237 and references therein). In particular, in the spirit of Godeaux' method 
to produce interesting surfaces as quotients S = Z/G of simpler surfaces 
by the free action of a finite group G, A. Beauville proposed a very simple 
construction by taking as Z the product X = Ci x C2 of two curves of 
respective genera gi,g2 > 2, together with an action of a group G of order 
{gi — l){g2 — 1) (this method produces surfaces with = 8). He also gave 
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an explicit example as quotient of two Fermat curves (in section 2, we shall 
indeed show that his example leads to exactly two non isomorphic surfaces). 
In this paper we will discuss Beauville's construction starting from the bot- 
tom, i.e., as the datum of two appropriate coverings of and address the 
problem of classification of these surfaces, which we are unable for time limits 
to achieve in this note. 

The interest on this issue stems from the open problem that David Mumford 
set forth at the Montreal Conference in 1980 : "Can a computer classify all 
surfaces of general type with pg = 0? Our purpose is to show how complex 
this question is (and probably computers are needed even if one asks a more 
restricted question). 

First of all, all known surfaces of general type with Pg = q = 0, K'^ = 8 are 
quotients EI x H/F of the product of two upper half planes by a discrete 
cocompact group. Besides the cited examples, there are also quotients which 
are not related to products of curves, and were constructed long ago by Kuga 
and Shavel using quaternion algebras (cf. |Kuj . |Shaj ) . 
It is still a difficult open question whether one can have a fake quadric, i.e., 
a surface of general type which is homeomorphic to x P^. 
Studying the special case where S is the quotient of a product of two curves, 
we want to show how huge is the number of components of the corresponding 
moduli space, and how detailed and subtle the classification is. 
An important feature is also the question of rigidity: for some of these sur- 
faces the moduli space consists of one or two points (cf. |CatOOj . |Cat03j ). 
for others it has strictly positive dimension, and in any case the construction 
yields connected components of the moduli space. 

Surfaces with Pg = q = were also investigated from other points of view. 
We would like to mention several articles by M. Mendes Lopes and R. 
Pardini ( |Paj . |MLPlj . |MLP2j ) where the authors study the problem of 
describing and classifying the failure of birationality of the bicanonical map. 

We will here classify all smooth algebraic surfaces S = Ci x C2/G, where Ci, 
C2 are as above curves of genus at least two and G is a finite abelian group 
acting freely on Ci x C2 by a product action, and yielding a quotient surface 
with Pg = q = 0. In this case has to be equal to 8, and we will see that 
there are already several cases. Our first main result is 

Theorem 0.1 Let S be a surface with Pg = q = isogenous to a higher 
product Ci X C2/G of unmixed type. If G is abelian, then G is one of the 



2 



following groups: [l^jTLf , {Z/2ZY, {Z/?>Zf, {Z/hZf. 
Each of these groups really occur. 

We will then give a complete description of the connected components of 
the moduli space that arise from these surfaces. We remark again that for 
G = (Z/5Z)^, we get two isolated points, i.e., these surfaces are rigid, but 
there are two different ones. For the other cases the group determines a 
positive dimensional irreducible connected component of the moduli space. 

In section 4 we calculate exphcitly (theorem 14. 3p the torsion group T{S) = 
Hi{S,Z) of our surfaces with G abelian: it turns out that in some cases 
T{S), which has a natural surjection onto G, is strictly bigger than G, but 
it is exactly G = (Z/5Z)^ for the two Beauville surfaces. Whence, these are 
only distinguished by their fundamental group, and not by the first homology 
group. 

A classification of surfaces with Pg = q = isogenous to a product (i.e., 
releasing the hypothesis that the group be abelian) is possible, but it is 
quite complicated and there are many more cases as we will show in the 
last section, where we give a list of examples of surfaces with Pg = q = 
isogenous to a higher product Ci x G2/G with non abelian G, some of them 
already known, others new. We will postpone the complete classification to 
a forthcoming article (in the non abelian case a non trivial problem is also 
the one of determining the Hurwitz equivalence or inequivalence of certain 
systems of generators of a finite group). 

Quite similar is the case of surfaces isogenous to a product of curves and 
with q = Pg = 1. The classification of these surfaces is also related to the 
determination of the so called non standard case for the non birationality of 
the bicanonical map. We refer the reader for this topic to the forthcoming 
Ph.D. Thesis of F. Polizzi. 

1 Basic invariants of surfaces isogenous to a 
product. 

Let be a smooth connected algebraic surface over the complex numbers. 
First we will recall the notion of surfaces isogenous to a higher product of 
curves. By prop. 3.11 of |CatOOj the following two properties 1) and 2) of a 
surface are equivalent. 
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Definition 1.1 A surface S is said to be isogenous to a higher product if 
and only if, equivalently, either 

1) S admits a finite unramified covering which is isomorphic to a product of 
curves of genera at least two, or 

2) S is a quotient S := (Ci x C2)/G, where the Ci 's are curves of genus at 
least two, and G is a finite group acting freely on Z := (Ci x C2). 

We have two cases: the mixed case where the action of G exchanges the two 
factors (and then Gi, G2 are isomorphic) , and the unmixed case where G acts 
via a product action. 

We recall briefly the following results from |CatOOj (cf. also |Cat03j ): 

• Let S be isogenous to a product, and let S' be another surface with the 
same fundamental group as S and such that = Kg, (equivalently, 
x{S) = or e{S) = e(S")): then S' is orientedly diffeomorphic to 
S and either S' or its complex conjugate surface S' belongs to an irre- 
ducible smooth family, yielding a connected component of the moduli 
space of surfaces of general type. 

• There is a unique minimal realization S := (Ci x G2)/G (i.e., the genera 
91,92 of the two curves 6*1,6*2 are minimal). It follows that G, 91, 92 
are invariants of the fundamental group of S. 

• The minimal realization provides an explicit realization of the above 
family as the datum of two branched coverings Gi G[ = Gi/ G whose 
topological type is completely determined by the two orbifold exact 
group sequences 1 — > T^i{Gi) — > n(i) — > G — > 1, obtained from 
the fundamental group exact sequence of the quotient map C*i x C*2 ^ S* 

(**)1 _^ X Ilg, Til{S) -^G^i 

by moding out the normal subgroup H^.^j . 

We obtain an easier picture in the case where q{S) = 0, or, equivalently, 
G[ = G'2^ F\ 

Definition 1.2 1) Let G be a group. Then a spherical system of gen- 
erators of G ( S.G.S. of G) is an ordered sequence A = (ai,...a„) of 
generators of G with the property that their product ai . . . = 1. 
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2) If we choose n points Pi, . . . P„ G P^, and a geometric basis ji, ■ ■ ■ 7n of 
7ri(P-'^ — {Pi, . . .Pn}) ( li is a simple counterclockwise loop around Pi, and 
they follow each other by counterclockwise ordering around the base point), 
then a S.G.S. of G determines a surjective homoOmorphism ip : 7ri(P"'- — 
{Pi,...P„})^G. 

Now, the braid group of the sphere Tro{Dif f{F^ — {Pi, . . . P„})) operates on 
such homomorphisms, and their orbits are called Hurwitz equivalence classes 
of spherical systems of generators. 

With the above notation we obtain 

Theorem 1.3 Let S be a surface isogenous to a product, of unmixed type and 
with q{S) = 0. Then to S we attach its finite group G (up to isomorphism) 
and the equivalence classes of an unordered pair of two S. G.S. 's A, A' of G, 

under the equivalence relation generated by 

1 ) Hurwitz equivalence for A, 

1 ') Hurwitz equivalence for A! , 

2) simultaneous conjugation for A, A!, i.e., for e Aut{G), we 
let {A — (oi, . . . a„), = (a'i,...a^)) be equivalent to {(t>{A) — 
(0(ai), . . . 0(a„)), 0(^0 = (0(a'i), . . . </.«))). 

Then two surfaces S, S" are deformation equivalent if and only if the corre- 
sponding equivalence classes of pairs of S.G.S. 's of G are the same. 

Proof. If S, S' are deformation equivalent, then they have an isomorphic 
fundamental group exact sequence (**). Whence, we get pairs of isomorphic 
orbifold exact sequences, compatible with an identification of G with a fixed 
group. Now, the orbifold exact sequences determine homomorphisms ipi : 
7ri(C; - {Pi,...P„}) ^ G, ^2 ■ 7ri(C'2 - {Pi',...P;}) ^ G. One sees 
immediately that these pairs are defined up to equivalence (for instance, 2) 
follows by the fact that a G-covering space is determined by the kernel of 
the surjection of the fundamental group onto G, and not by the specific 
homomorphism) . 

Conversely, we see easily that if the equivalence classes are the same, then 
the surfaces are deformation equivalent. 

Q.E.D. 

Remark 1.4 Observe that, if the group G is abehan, then Hurwitz equiv- 
alence of ^ = (oi, ■ ■ ■ On) is simply permutation equivalence of the sequence 
(ai, . ..an). 
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We shall assume throughout that we have a surface S isogenous to a higher 

product and that we are in the unmixed case, thus we have a finite group G 
acting on two curves Ci, C2 with genera g'1,5'2 > 2, and acting freely by the 
product action on Z := Ci x C2. 
Since 

the assumption Pg{S) — q{S) — implies that Kg — 8. 

Remcirk 1.5 We have the following elementary but crucial formulae: 

1) 8(^1 - l){g2 - 1) = K'c^xc, = |G| • X| = 8 • whence 

|G| = (^i-l)(^2-l). 

2) Since q{S) — Owe have Ci/G = for i — 1,2, so by the Hurwitz formula 
we get: 

""=-2 + E-(l-i-)<*-"' 

where i = 1,2 and rrij is the branching index of a branch point Pj of Q — > 
P^. In particular, in view of 1) it must hold: 

^ e N. 



-2 + E,(l - — ) 

It is easy to see that the number of branch points of the two coverings Cj — 
P^ cannot be too high. 

Lemma 1.6 Let S = Ci x C2/G be as above. Then the number of branch 
points of each covering Ci — > P^ is at most eight. 

Proof. Assume e.g. that Ci — > Gi/G — ¥^ has at least 9 branch points. 
Then 

contradicting g2 > 2. Therefore we can have at most 8 branch points. Q.E.D. 
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2 The case: G abelian 



We will assume from now on that G is a finite abelian group. In this 
section we will show that the only abelian groups which give rise to a 
surface isogenous to a product 5 = Ci x C2/G, of unmixed type and with 
Pg^q^O^ are {Z/2Zf, (Z/2Z)^ {Z/3Zf and {Z/bZf. 

Our first step is to limit the order of the group G. 

Proposition 2.1 Let G he a finite abelian group and let C he a smooth 
algebraic curve of genus g > 2 admitting an action ofG such that G/G = P^. 
We denote by r the number of branch points of the morphism C — > C /G. 
Ifr>4: then 

\G\<^g-l) 

except for the case r = 4 and where the multiplicities of the branch points are 
(2,2,3,3) (thenG^Z/6). 

Proof. Recall that, by the Riemann existence theorem, giving a Galois cov- 
ering G — > G/G — P^, with branch points Pi, ... and branching indices 
mi, . . .rur is equivalent, in the case where G is abelian, to giving 

• Elements ai, . . . a,, of G of respective orders mi, . . . rrir (here is the 
image in G of a geometric loop around Pj) such that 

• ai + . . .Qr — 

• Oi, . . . Or generate G. 

Note that the elements oi, . . . are unique up to ordering. 
If r > 5, then E(l - > §, whence 



\G\<—-^{g-l)^A(g-l). 

Therefore it remains to analyse the case r = 4. We assume that the mul- 
tiplicities are mi < m2 < < m^. (2, 2, 2, 2) is obviously not possible, 
since it contradicts g > 2. {2,2,2, n), for n > 3, is not possible, since 
01 + 02 + 03 = — 04 has order 2 contradicting the fact that 04 has order n. 
Suppose now that (mi, . . . , mi) — (2, 2, 3, n). Then 

? = -^<4 

-2 + E.(l-;^) 2n-3- ' 
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for n > Q. We remark that n = 4 or 5 is not possible, since —04 = 01 + 02 + 03 
has order 3 or 6. Therefore the only possible case is (2, 2, 3, 3). Here we have 
fli + ^3 = —(02 + 0.4) has order 6, whence G = Z/6 and g = 2. For the 
remaining cases (2, 2, > 4, > 4), (2, > 3, > 3, > 3) and (> 3, > 3, > 3, > 3) it 
is immediate that 

2 

7 rr < 4. 

Q.E.D. 

Our second step is to show that the group G cannot be cyclic: 

Proposition 2.2 Let S be a surface isogenous to a higher product Ci XC2/G 
such that g = 0. Then G cannot he cyclic. 

Proof of prop. \2.^ Both maps Ci — > Ci/G = determine the following 
situation: G = Z/d is generated by elements oi, . . . of respective orders 
mi, . . . nir, respectively by elements bi, . . .bg of respective orders ni, . . .rig. 
We claim that G cannot act freely on Gi x C2. In fact, the stabilizers of 
some point in the first curve Gi are exactly the subgroups generated by some 
element Oj. Since G is cyclic, the union S of the stabilizers is the set of 
elements whose order divides some rrii. If S' is the union of the stabilizers for 
the action on the second curve G2, we want S H S' = {0}. This amounts to 
requiring that = 1, . . . r, j = 1, . . . s, the integers and Uj are relatively 
prime. The condition that the Oj's generate is however equivalent to d being 
the least common multiple of the mj's. Since d is also the least common 
multiple of the n^'s, we obtain a contradiction. 

Q.E.D. 

We proceed discussing the case r = 3, and we assume again that the multi- 
plicities are (mi,m2,m3) with mi < m2 < m^. 

Remark 2.3 We observe that g.c.d.{mi,m2) = 1 implies that = nii ■m2 
and G is cyclic of order m^, a posibility which was already excluded. 

We are now ready to prove the following: 
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Proposition 2.4 Let S be a surface isogenous to a higher product Ci XC2/G 
such that Pg = q = 0. Then either 

1) 91,92 < 5, t.e. \G\ = (gi - 1)((72 - 1) < 16, 
or 

2) G= iZ/b-Lf. 

Before proving the above proposition we will prove the following weaker form. 

Proposition 2.5 Let S he a surface isogenous to a higher product Ci XC2/G 
such that Pg = q = 0. Then either 

1) 9u92 < 5, t.e. \G\ = (g, - l)ig2 - 1) < 16, 
or 

2) for one of the two curves the datum (mi, m2, ms; G) of branching orders 
plus occuring group yields a priori only one of the following possibilities: 

a) (2,6,6;Z/2Z©Z/6Z), 

b) (2,8,8;Z/2Z©Z/8Z), 

c) (2,12,12;Z/2Z©Z/12Z), 

d) (2, 20, 20; Z/2Z © Z/20Z), 

e) (3,6,6;Z/3Z©Z/6Z), 
/) (4,4,4;Z/4Z©Z/4Z), 
g) (5,5,5; (Z/5Z)2). 

Proof. We have already seen that if G — > G/G = F^ has > 4 branch points, 
then 

\G\<Aig-l) 

except for the case r = 4 and the multiplicities of the branch points are 
(2, 2, 3, 3) (then G = Z/6). But by prop. 12.21 we know that this case cannot 
occur. Therefore we can assume that Gi — > Gi/G has r = 3 branch points. 
We write again the multiplicities (mi, 7722,^3) with mi < m2 < m^. They 
correspond again to elements a, G G of order mj, generating G such that 
ai + 02 + 03 = 0. 

(2, 2, n) is not possible since then —2 + Z]j(l — ^) < 0. 
1) mi = 2 : 

Then m2 > 4, since for m2 = 3, we must have ma = 6, whence a : = 
-2 + E,(l - — ) = 0. 

If m2 = 4, then ma = 4 and a = 0, which is not possible. 

m2 odd implies that G is cyclic, so we can exclude all these cases by prop. 
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If m2 = 6, then mg = 6 and G = Z/2Z © Z/6Z. 
If ma = 8, then ms = 8 and G = Z/2Z © Z/8Z. 

For 1712 = 10, 14, 16, 18 we see that ms has to be equal to m2, but then ^ ^ N. 
If m2 = 12, 20, then we are in the cases c) resp. d) of the claim. 
We assume now that > m2 > 22. Then we have 

1 21 21, 1, , 44, 

Therefore if ^ G N, then ^ < 4. 

2) mi = 3 : 

7712 = 3 imphes a = 0, whereas m2 = 4, 5 imply that G is cychc. Therefore 
we can assume m2 > 6. 

1712 = 6 imphes m^, = 6 and G = Z/3Z © Z/6Z. 

m2 > 6 implies that either G is cychc or m2 > 9. If > 7712 > 9, then 

\G\<2{-2 + ^ + ^- + ^)-\g,-l) = l{g,-l). 
Therefore if - G N, then - < 4. 

3) mi = 4 : 

m2 = 4 imphes that mg = 4 and G = Z/4Z © Z/4Z. 

1712 = 5 imphes again that G is cyclic, which is not possible; therefore we can 
assume that ms > 1712 > 6. Then 

3 ^ ^ 94 
|G| < 2(-2 + I + I + l)-\9i - 1) = y (^71 - 1). 

Therefore, if ^ G N, then ^ < 4. 

4) mi = 5 : 

7172 = 5 implies that ma = 5 and G = Z/5Z © Z/5Z. 
Therefore we have ms > m2 > 6. Then 

\G\ < 2(-2 + - + - + -)-\gr - 1) = -{g, - 1). 

Whence, if ^ G N, then ^ < 4. 
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5) mi > 6 : 

In this case we have 

1 ^ 

|G|<2(-2 + -)-i(^i-l)=%i-l). 



Therefore we have proven our claim. 

Q.E.D. 

In order to prove proposition 12 .41 we have now to exclude the cases 2a) — 2/) 
of the previous result. This will be done in the following lemma. 

Lemma 2.6 Let S be a surface isogenous to a higher product Ci x C2/G 
such that Pg = q = 0- Then G cannot be one of the following groups: 

a) Z/2Z0Z/6Z, 

b) Z/2Z © Z/8Z, 

c) Z/2Z0Z/12Z, 

d) Z/2Z0Z/2OZ, 

e) Z/3Z © Z/6Z, 
/) Z/4Z © Z/4Z. 

Proof. 

a) In this case the multiplicities of the branch points for Ci have to be (2, 6, 6). 
Then the union of the stabilizers is equal to {(1, 0), (0, x), (1, 5), (1, 3), (1, 1)}. 
Therefore there are only 2 elements of order 3 left, and they cannot generate 
G. So there is no possibility that G = Z/2Z©Z/6Z acts freely on Ci x C2. 
The cases b) — e) are excluded exactly in the same way. 

f) Let Oi, 02, 03 generate G = Z/4Z © Z/4Z. Then we can assume w.l.o.g. 
that Oi, 02 is a Z/4Z basis. But then, if E resp S' denotes the set of stabilizers 
of Ci resp. G2, we have 

tl(Sn((Z/2)2-{0}))>2, 
and the same for S'. In particular S fl S' 7^ 0. Q.E.D. 

This proves theorem 12.41 

We are now ready to formulate the main result of this section. 

Theorem 2.7 Let S be a surface with Pg = q = isogenous to a higher 
product Ci X C2/G. If G is abelian, then G is one of the following groups: 
(Z/2Z)3, (Z/2Z)^ (Z/3Z)2, (Z/5Z)2. 
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Proof. We know by our previous considerations that G = (Z/5Z)^ or \G\ < 
16. 

Moreover, G cannot be cyclic, whence |G| G {4,8, 12, 16}. 

Obviously, G = (Z/2Z)^ is not possible and this excludes the case \G\ =4. 

If IGI = 8, then either G = Z/2Z © Z/4Z or G = (Z/2Z)3. Assume that 

G = Z/2Z © Z/4Z. Since G is not generated by elements of order 2, there 

must be at least one generator of order 4 for each of the curves Gi and 

C2. But there is exactly one non trivial element, namely (0, 2), which is the 

double of any element of order 4. Hence the stabilizers of the two curves 

cannot intersect trivially and therefore G cannot act freely on Gi x C2. 

If IGI = 12, then G can only be Z/2Z © Z/6Z and this case was excluded 

before. 

If |G| = 16, then G is one of the following groups: {Z/2Zf © Z/4Z, (Z/4)2, 
(Z/2)^. (Z/4)2 was already excluded and (Z/2)2Z©Z/4Z is excluded in the 
same way as (Z/2Z) © Z/4Z, since there is also only one element which can 
be the double of an element of order 4. Q.E.D. 

3 The moduli of surfaces with Pg = q = 
isogenous to a higher product (with abehan 
group). 

In this section we will show that the groups in theorem 12. 7l reallv occur. More 
precisely, we will describe exactly the corresponding moduli spaces. 

3.1 G = (Z/2Z)3 

Since every element of G has order 2, we clearly need r > 5 branch points 
for each covering Gi — > P^. It is now easy to see that ri = 5 and r2 = 6. We 
denote by St the union of the stabilizers of the covering Gi — > P^. Then, 
since Si contains a basis, it has cardinality at least 3. Since however Si, S2 
are disjoint, and their union has cardinality at most 7, we see that Si must 
contain exactly 4 elements (since the sum of the five elements is zero). We 
may then assume that 

(ai, a2, as, ^4, 05) = (ei, 62, 63, ei, 62 + 63), 
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where ei, 62, 63 is a suitable 'LjTL - basis of {'L/2'LY. Then there is only one 
possibility (up to permutation) left for (61, 62, ^3^4, ^5, ^e) ; namely 

(61, 62, &3, &4, &5, h) = (ei + 62, ei + eg, ei + 62 + 63, ei + 62, ei + eg, ei + 62 + eg). 

Therefore we have shown the following 

Theorem 3.1 The surfaces with Pg = isogenous to a product with group 
G = (Z/2Z)^ form an irreducible connected component of dimension 5 in 
their moduli space. 

Remark 3.2 This result was already shown by R. Pardini in |Paj, where she 
classifies surfaces withpg = 0, K'^ = 8, which are double planes. In fact the 
above surfaces are the only ones in our list having non birational bicanonical 
map. 

3.2 G = (Z/2Z)4 

Again, since there are only elements of order 2 in G we see that the number 
of branch points for each covering Ci — > has to be at least 5. But since 
\G\ < 4:{gi — 1) for both curves, we see that ri = r2 = 5. For the first curve 
Ci we can assume 

(ai, 02, flg, a4, as) = (ei, 62, eg, 64, e := ei + . . . + 64), 

where ei, 62, eg, 64 is a Z/2Z - basis of (Z/2Z)^. Then the problem reduces 
to finding t>i, . . . , t>5 G G such that 

1) EliVi = 0; 

2) rank (w 1, . . . , f 5) =4; 

3) Vi is of weight w = 2 or 3 (since e is the only vector in G of weight 4 and 
the ej's are the only vectors of weight w(ej) equal to 1 in G). 

Remark 3.3 Ef=i ^'i = implies that Ei=i^^(^i) = 0(2). Therefore the 
number ng of vectors of weight 3 in {vi, . . . , v^} has to be even. 

Lemma 3.4 Only the case = 2 is possible. 

Proof. Since there are 4 elements of weight 3 in (Z/2Z)^ we have to exclude 
the cases ng = 4, rig = 0. Assume ng = 4. Then w.l.o.g. Vi = e + Ci for 
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i = 1, . . . ,4. But then f 5 = J2i=i Vi = e, which contradicts w^v^) G {2, 3}. 
Assume that ^3 = 0. But since 

E ^ = 

v:w(v)=2 

five of these 6 vectors of weight 2 can never have sum zero. Q.E.D. 

Therefore without loss of generahty we can assume that Vi = e + ei, 
V2 = 6 + 62- Then V3, V4, W5 have all weight two and their sum is equal to 
Ci + 62- We observe that we cannot have: 

5 

I y supp{vi)\ = 3, 

i=3 

because this would imply I]f=3 Vi = 0. Therefore we can assume that V3+V4 = 
e and then f 5 = 63 + 64. Then we have two possibilities for V3 and V4, namely 

^^3=61+ 63, V4 = 62 + 64; 

or 

^^3 = ei + 64, V4 = 62 + 63. 

But these two possibilities give rise to isomorphic surfaces, since they are 
equivalent by the permutation of Vi and V2. 
Therefore we have shown the following: 

Theorem 3.5 The surfaces with Pg = isogenous to a product with group 
G = (Z/2Z)^ form an irreducible connected component of dimension 4 in 
their moduli space. 

3.3 G = (Z/3Z)2 

Examples of this type have already been given by Dolgachev in |Dolg98| . 
In this case G — {0} = (Z/3Z)^ — {0} has 8 elements, whence the union of 
the stabilizers of each covering has to consist of exactly four elements, i.e. 

= \S2\ =4. Moreover we know that the number of branch points of each 
covering Ci — > is 4. Thus we have up to permutation: 

(ai, 02, as, tti) = (a, b, —a, —b), 
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and 

(61, 62, h, h) = (a', b', -a', -b'), 

where a, b (resp. a', b') is a basis of (Z/3Z)^. Therefore we have shown the 
following 

Theorem 3.6 The surfaces with pg = isogenous to a product with group 
G = (Z/3Z)^ form an irreducible connected component of dimension 2 in 
their moduli space. 

3.4 G = (Z/5Z)2 

These surfaces are a particular case of examples that were introduced by A. 
Beauville (cf. |Beaj ) . 

We see that we have for both coverings Cj — > 3 branch points and the 
multiplicity is always 5. In particular, these surfaces are rigid. We shall see 
that here we have two components of the moduli space, i.e. there are two 
non isomorphic Beauville surfaces. 

In order to give a Beauville surface it is equivalent to give the following data: 

• ai, 02, 03 G G of order 5 such that they generate G and their sum is 
zero; 

• bi, 62, &3 G G of order 5 such that they generate G and their sum is zero. 

Moreover they have to fulfill the following condition: 

(< ai > U < 02 > U < aa >) n (< 61 > U < 62 > U < 63 >) = {0}. 

We denote the set of sixtuples (01,02,03,61,627^3) satifying the above 
conditions by Tl. On Tl the group Q := Gl{2, Z/5Z) x 63 x 63 acts in the 
natural way. We remark that \Q\ = 24 ■ 20 ■ 6 ■ 6. 

Up to a permutation of the 6j's we can write every element of OJl as 
(ei,e2,-(ei + e2),A(ei + 2e2),/i(3ei + 4e2),p(ei + 4e2)). This is possible 
since (Z/5Z)^ — {< ci >, < 62 >, < ei + 62 >} determines exactly three 
stabilizer groups. Since A(ei + 2e2) + /i(3ei + 4e2) + p(ei + 4e2) = we see 
immediately that X = fi = p, which implies that there are at most 4 different 
Beauville surfaces. 
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Theorem 3.7 There are exactly two non isomorphic surfaces with Pg = 
isogenous to a product with group G = (Z/5Z)^. 

Proof. Since the cardinahty of 071 is 24 ■ 20 ■ 12 ■ 2, there are at leasts two orbits 
of Q. But obviously the two elements (ei, 62, — (ei + 62), A(ei + 2e2), A(3ei + 
4e2), A(ei +462)) and (ei, 62, -(61 + 62), -A(6i + 2e2), -A(36i +4e2), -A(6i + 
4e2)) e m are equivalent under {(p, (1 2), (1 2)) e g, where (f G Gl{2, Z/5Z) 
is given by ip{ei) = 62, ¥^(62) = 61. This proves the claim. 

Q.E.D. 

4 Hi[S^7j) for surfaces isogenous to a product 
with G abelian 

In jBP Vj ■ p. 237, there is a list of examples of minimal surfaces of general 
type with Pg = q = ^- While for 1 < < 6 for each example the first 
homology group is given, in the case = 8,9 there is a question mark. 
This motivated us to calculate Hi{S, Z) for surfaces S = C1XC2/G isogenous 
to a higher product of unmixed type with G abelian. 

Let's recall again some facts from [CatOOj. Let Qi be the genus of the curve 
Gi and denote by Ug the fundamental group of a compact Riemann surface 
of genus g. Then we have the following exact sequence 

1 n,, X n,, m{S) ^G^i. 

Since we have assumed that 5* is of unmixed type, 11^^ and Ug^ are both 
normal subgroups of vri(S'). We define n(z + 1) := 7ii{S)/Ilg., where z + 1 is 
considered as element in Z/2Z. Then we get two exact sequences 

1 7ri(a) n(?) ^ G ^ 1, 

which are exactly the orbifold fundamental group exact sequences of the 
coverings Gi — > Gi/G =: G'^, in particular n(z) = t['(''^{G[ — B\m) is the 
orbifold fundamental group of Gi — > Gi/G (for the definition and properties 
of the orbifold fundamental group we refer again to |CatOOj ). 
We henceforth have an exact sequence 

1 — > X lig^ — > n(i) X n(2) — ^ g x g — ^ i. 
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where vti (S) is the inverse image of (/? : 11(1) x 11(2) — > GxG oiG diagonally 
embedded in G x G. In particular, we have the following exact sequence 

(*) 1 — yn^iS) — >n(l)xn(2) — >G — >1, 

where 11(1) x n(2) — > G is the composition of (p with the map GxG — > G, 
(a, b) ^ a — b. 

We observe the following. 
Remcirk 4.1 Let 

1 — — — ^G — ^1 

be an exact sequence of groups and assume G to be abelian. Then the 
following sequence is exact: 

1 — yA''^ — >B:^ B/[A, A] — >G — ^ 1. 

and moreover the abelianization of B equals the abelianization of B. 

We apply this remark repeatedly: first to the exact sequence (**), obtaining 

which embeds into the exact sequence 

1^ HixH2^ n(T) X n(2) ^GxG^l. 

It follows that an element (/ii,/i2) E Hi x H2 is & commutator in 7ri(S') if 
and only if hi is a commutator in 11(1) and /i2 is a commutator in 11(2). 
Therefore, if we define Gi as the abelianization of 11 (i) , or equivalently of 
n(i), the sequence 

— > MST^ — >GixG2 — >G — ^ 0. 
is exact and we have proven the following 

Proposition 4.2 Let S = Ci x C2/G be a surface isogenous to a higher 
product of unmixed type with G abelian. Furthermore, denote by Gi the 
abelianization of the orbifold fundamental group of Gi — > Gi/G. Then 

Hi{S, Z) = ker{Gi x G2 — >GxG — > G), 

where the last map is obviously given by (a, 6) 1— > a — 6. 
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In the rest of the paragraph we will use our classification result of the previous 
section in order to calculate the torsion groups of all surfaces isogenous to a 
higher product with G abelian and Pg = 0. 

Theorem 4.3 Let S be a surface with Pg = q = isogenous to a higher 
product Ci X C2/G (not of mixed type) and assume G to be abelian. Then 
we get the following values of Hi {S, Z) ; 



l)Hi{S,Z) 


= (Z/2Z)6 for 


G^ 


(z/2z)^ 


2)Hi{S,Z) 


= (Z/2Z)4 for 


G = 


(Z/2Z)^ 


3) Hi{S,Z) 


= (Z/3Z)^ for 


G^ 


(Z/3Z)^ 


4)Hi{S,Z) 


= (Z/5Z)2 for 


G^ 


(Z/5Z)2. 



Proof. 1) In this case Ci — > Ci/G = has 5 branch points pi, . . .p5 of 
multiplicities (2,2,2,2,2), whence the orbifold fundamental group 11(1) = 
7rf''(P^ - {pi,...,P5}; (2,2,2,2,2)) equals < ai, . . . ag] a? = . . . = of = 
Oi • . . . • 05 = 1 >=< ai, . . . a^laf = . . . al = {ai ■ . . . ■ 04)^ = 1 >. Therefore 
Gi = n(l)"^ = (Z/2Z)^. Since C2 — ^ C2/G = has 6 branch points, again 
each of multiphcitiy 2, we see that G2 — (Z/2Z)^. Therefore 

Hi{S,Z) = A;er((Z/2Z)^ (Z/2Z)^ — > {Z/2Zf) = (Z/2Z)^ 

2) Here Cj — > Ci/G — P^ has 5 branch points pi, . . .p^ resp. gi, . . . gs of 

multiplicities (2,2,2,2,2), whence the orbifold fundamental group n(i) = 
^or6(pi _ 1^^^ _ _ _ 2, 2, 2, 2)) (resp. ti^^F^ - {g^, . . . , q^}- (2, 2, 2, 2, 2)) 

equals < ai, . . . 05 : = . . . = Oi • . . . - 05 = 1 >=< ai, . . . 04 : = . . . a| = 
(ai ■ . . . • a^f = 1 >. Therefore Gi = U{lY^ = {Z/2Z)\ Therefore 

Hi{S,Z) = ker{{Z/2Zf © (Z/2Z)^ — > (Z/2Z)^) = (Z/2Z)^ 

3) Here Ci — > Cj/G = P^ has 4 branch points, all of multiplicity 3, and as 
above we see that Ci = (Z/3Z)'^), whence 

Hi{S,Z) = ker{{Z/3Zf © (Z/3Z)^ — > {Z/3Zf) = (Z/3Z)^ 

4) In this case Ci — > Ci/G = P^ has 3 branch points, all of multiplicity 5, 
and as before we see that Ci = (Z/5Z)^), whence 

Hi{S,Z) = ker{{Z/bZf © {Z/bZf — > {Z/bZf) = {Z/bZf. 

Q.E.D. 
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5 Some new examples with G non abelian 



We postpone the classification of surfaces S with = isogenous to a higher 
product with G non abehan to a forthcoming article. 

In the rest of the paper we will give however some new examples of surfaces 
isogenous to a product with non abelian group. We remark that several 
examples were already given by Mendes Lopes and Pardini (cf. |Paj . |MLPlj ). 
We observe that in the non abelian case we cannot find such a low upper 
bound for the cardinality of the group G (as in (2.4)), in fact we will exhibit 
examples of surfaces 5* with = isogenous to a higher product with G = 2I5 
and G = 64. The reason is that, in the case r = 3, the branching indices 
here do not need to satisfy the condition that be a divisor of the least 
common multiple of mi, m2- 

In the non abelian case, however, more restrictions come from the condition 
that the two stabilizer sets Si,S2 have an empty intersection. In fact, here 
Si is the union of the conjugacy classes of the cyclic subgroups generated 
by tti, . . .ttn- Therefore, knowledge of the conjugacy classes of G will help 
to find examples, while knowledge of the branching indices plus Sylow's 
theorems help to show that some cases do not occur. 



5.1 G = % 

Observe that in this case the group contains exactly three non trivial conju- 
gacy classes, completely determined by the order of the elements in the class 
( m = 2 gives the class of the 15 double transpositions which form five Klein 
subgroups )Ci = (Z/2Z)^, m = 3 gives the conjugacy class of the 20 three 
cycles, m = 5 yields the conjugacy class of the 24 five cycles). 
It follows that for one of the two curves only one branching index can occur. 
In this case the formulae of section 1 read: 

|G|=60 = ((7i-l)(^?2-l), 



\G\ = 60 = rrigi - !)• 

Denoting y^^, — rr by a\ resp. 0:2 we remark that branching of pure type 
give the following values for ctj: 
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2n-5 - 

Therefore we need "mixed branching" for at least one of the two curves. 
Observe moreover that the integrahty of a, imphes r G {5,6,8}, h G {4,6}, 
n G {3,5}. 
Example 1. 

For Ci we take pure branching of type 3"^, i.e. gi = 4, ai = 3, and for C2 we 
take branching of type (2, 5, 5), i.e. g2 = 21, ai = 20. 

Since here obviously the union of the stabilizer subgroups for each curve 
have trivial intersection (remark that conjugating elements of order 2, 3, 5, 
you get again elements of order 2, 3, 5), the problem is reduced to finding 
elements Oi, 02, 03, 04 of order three such that their product is 1, generating 
2I5 and elements bi, 62, &3 of orders (2,5,5), such that their product is 1 
generating 2I5. 

1) We set ai = (123), as = (345), = (432), = (215). It is obvious 
that these are elements of order 3 of 2I5 and that their product is 1. 
Therefore it remains to verify that Sis is generated by these elements. But 
we observe that ai ■ 02 = (12345), which is an element of order 5, and 
ai ■ ■ ai = (14) (23), which has order 2. Therefore the subgroup generated 
by ai, a2, 03, 04 has order at least 30. Since Sts is simple it cannot have a 
subgroup of order 30, whence ai, 02, 03, 04 generate 2I5. 

2) We set h = (24)(35), 62 = (21345), 63 = (12345). Obviously 61 ■ 62 • &3 = 1- 
In order to show that 61, 62, &3 generate 2I5 it suffices to find an element of 
order 3 in < 61, 62, h >■ E-g- h ■ h ■ h = (152). 

Therefore we have constructed a surface S = Ci x C2/2t5, where g{Ci) = 4, 
g{C2) = 21. 

In |Paj the author gives another surface isogenous to a product with group 
2I5. This surfaces is obviously different to ours since in her case g{Ci) = 5, 
fi'(C*2) = 16. We will return to these examples later. 

Example 2. 

For Ci we take pure branching of type 5^, i.e. gi = 6, ai = 5, and for C2 we 
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take branching of type (2, 2, 2, 3), i.e. g2 = 13, ai = 12. 
Again the union of the stabihzer subgroups for each curve have trivial inter- 
section, hence we have to find elements ai, 02, 03 of order five such that their 
product is 1, generating 2I5 and elements 61, 62, &3, &4 of orders (2,2,2,3), 
such that their product is 1 generating 2I5. 

We set ai = (12534), 03 = (12453), 03 = (12345); h = (12)(34), 
62 = (24)(35), 63 = (14)(35) and 64 = (234). It is now easy to see that 
these choices satisfy the required conditions and we obtain a new surface 
S = CiX C2/2I5 with ^(Ci) = 6, g{C2) = 13. 

Example 3. 

For Ci we take pure branching of type 2^, i.e. gi = 5, ai = 4, and for C2 we 
take branching of type (3,3,5), i.e. g2 = 16, ai = 15. 

Again the union of the stabilizer subgroups for each curve have trivial 
intersection, hence we have to find elements ai, 02, 03, 04, 05 of order two 
such that their product is 1, generating 2I5 and elements 61, 62, 63 of orders 
(3, 3, 5), such that their product is 1 generating 2I5. 

We set ai = (12)(34)), 02 = (13)(24), ag = (14)(23), = (14)(25), 
ag = (14) (25); h = (123), 62 = (345), 63 = (54321). It is now easy to 
see that these choices satisfy the required conditions and we obtain a new 
surface S = Ci x C2/2I5 with g{Ci) = 5, g{C2) = 16. These surfaces were 
already constructed by R. Pardini in |Paj . 



5.2 G = ^4xZ/2Z 

In order to avoid misunderstanding we note that for us D4 is the group 
generated by x, y with the relations x'^ = y'^ = e and yxy = x~^. 
Observe that in ID4 the centre consists of {e,a:;^}, and there are three more 
conjugacy classes, namely, {x,x'^}, {y,yx'^} and {xy,yx}. 

Example 4. 

We will now rewrite an example which was already constructed by R. Pardini 
(cf. paj) in our algebraic setting. For the curve Ci we take pure branching 
of type (2, 2, 2, 2, 2, 2), whereas for C2 we take branching of type (2, 2, 2, 4). 
Whence, gi = 9, g2 = 3. 

We set ai = (?/,0), 02 = (yx,!), 03 = {yx'^,0), = (yx,!), 05 = (x^l), 
^6 = (x^A)- Then obviosly ai, . . . ag generate x Z/2Z and their product 
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is (e, 0). Furthermore for C2 we set hi = (e, 1), 62 = {yA)j ^3 = (^^l/jO); 
&4 = (x, 0). Again these elements generate G and have trivial product. We 
obtain thus a surface S = Ci x C2/D4 x Z/2Z with ^(Ci) = 9, ^(Cs) = 3. 

5.3 64 

Here there is only the following algebraic possibility of a surface S = Ci x 
C2/&4: with pg = 0. 

Example 5. 

For the curve Ci we take branching of type (2,2,2,2,2,2), whereas for C2 
we take branching of type (3,4,4). Whence, gi = 13, g2 = 3. 
We set ai = a2 = (12), 03 = 04 = (23), 05 = oe = (34). Obviously their 
product is 1 and they generate. 

For C2, we set bi = (123), 62 = (1234), 63 = (1243). One immediately verifies 
that 6i&2^3 = 1- Moreover, if H' :=< 6i,&2;^3 >, then H' contains the 
transposition (34) and acts double transitively, since it contains bi = (123). 
Whence if' = 64. 

We obtain thus a surface S' = Ci x C2/G4 with g{Ci) = 13, g{C2) = 3. Again 
this example was already constructed by R. Pardini (cf. _Pa_ ) . 

References 

[BPV] Barth, W., Peters, C, Van de Ven, A., Compact complex surfaces. 

Ergebnisse der Mathematik und ihrer Grenzgebiete (3). Springer- 
Verlag, Berlin,(1984). 

[Bea] A. Beauville, Surfaces algebriques complexes Asterisque 54 Soc. 
Math. France (1978). 

[Cam] L. Campedelli, Sopra alcuni piani doppi notevolicon curve di dira- 
mazione del decimo ordine. Atti Acad. Naz. Lincei 15, (1932), 536 
- 542. 

[CatOO] F. Catanese, Fibred surfaces, varieties isogenous to a product and 
related moduli spaces. Am. J. of Math. 122, 1 - 44 (2000). 

[Cat03] F. Catanese, Modw/z spaces of surfaces and real structures. Ann. of 
Math. 158 (2003), 539-554. 



22 



[Dolg98] Surfaces with g = = 0. in 'C.I.M.E. 1977: Algebraic surfaces', 
Liguori, Napoli (1981), 247-266. 

[EnrMS] F. Enriques, Memorie scelte di geometria, vol. I, II, III. Zanichelli, 
Bologna, (1956), 541 pp., (1959), 527 pp., (1966), 456 pp. . 

[God] L Godeaux, Les involutions cycliques appartenant d une surface 
algebrique Actual. Sci. Ind., no. 270, Hermann, Paris, (1935). 

[Ku] Kuga, M., FAFA Note. (1975). 

[MLPl] Mendes Lopes, M., Pardini, R. The hicanonical map of surfaces 
with Pg = Q and > 7. Bull. London Math. Soc. 33 (2001), no. 
3, 265-274. 

[MLP2] M. Mendes Lopes, R. Pardini, The hicanonical map of surfaces 
with Pg = and > 7. Bull. London Math. Soc. 35 (2003), no. 
3, 337-343. 

[Pa] Pardini, R. The classification of double planes of general type with 

and pg = 0. J. Algebra 259 (2003), no. 1, 95-118. 

[Sha] Shavel, I. H., A class of algebraic surfaces of general type con- 
structed from quaternion algebras. Pacific J. Math. 76, (1978), no. 
1, 221-245. 



23 



